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Abstract 
Leary, F.C., Dedekind finite objects in module categories, Journal of Pure and Applied 
Algebra 82 (1992) 71-80. 
An object A in a category is called Dedekind finite if every monomorphism f : A+ A is an 
isomorphism. This notion generalizes a characterizing property of finite sets and finite- 
dimensional vector spaces. We show that a free module of finite rank over a commutative ring 
R is Dedekind finite if and only if R is a quoring (i.e., every regular element of R is invertible). 
We also describe completely the divisible R-modules that are Dedekind finite, R a Dedekind 
domain. 
Introduction 
Over a century ago, Dedekind [2] defined an infinite set as a set that can be 
placed in one-to-one correspondence with a proper subset of itself. He then 
defined a finite set as one that is not infinite. It follows that a set S is finite if and 
only if every injective function f : S -+ S is an isomorphism of sets. There is an 
analogous characterization of finite-dimensional vector spaces (see, e.g., [l , 
Section 11.7.51 in this regard). In a recent paper [5], it was shown that those 
commutative rings R with 1 having the property that all regular elements are 
invertible are characterized by the property that every injective R-module homo- 
morphism f : R-R is an isomorphism. Using these cases as motivation, we 
define a Dedekind finite object in a category C as an object A of C having the 
property that every C-monomorphism f : A + A is a C-isomorphism. Dually, one 
has the notion of a Dedekind cofinite object. Dedekind finite objects have been 
studied in the context of topoi by Stout [S]. 
Correspondence to: F.C. Leary, Department of Mathematics, St. Bonaventure University. St. 
Bonavcnture. NY 14778, USA. 
0022.4049/92/$05.00 0 1992 ~ Elsevier Science Publishers B.V. All rights reserved 
72 F.C. Leary 
1. General results 
If C is a concrete category in the sense that each object A of C has an 
underlying set, then those objects A whose underlying sets are finite will be both 
Dedekind finite and Dedekind cofinite in C. We are mainly interested in 
Dedekind finite and cofinite objects in the concrete category R-MOD of unital, 
left R-modules over a ring R. We assume that R has 1 and associative multiplica- 
tion. Similar results can be obtained for right R-modules in the obvious way. 
Henceforth, when we use the term R-module we mean left R-module unless we 
explicitly state otherwise. Also, we use Dedekind finite (resp. cofinite) to mean 
Dedekind finite (resp. cofinite) in R-MOD if the ring R is obvious from the 
context. In particular, we say R is Dedekind finite (resp. cofinite) when referring 
to R as an R-module. 
An important consideration is when R itself is Dedekind finite or cofinite as an 
R-module. It is well known that every R-module endomorphism f : R+ R is right 
multiplication by an element a of R. It is then immediate that 
(1) f’ IS m ec rve if and only if a is right regular; j t’ 
(2) f ‘. . j t’ IS sur ec rve if and only if a is left invertible; 
(3) f is an isomorphism if and only if a is a unit. 
These facts make the following theorem obvious. 
Theorem 1.1. R is Dedekind finite if and only if every right regular element of R is 
a unit. Similarly, R is Dedekind cojinite if and only if every left invertible element 
of R is a unit. 0 
If R is commutative, then R is Dedekind finite if and only if every regular 
element of R is a unit if and only if R is its own classical ring of quotients. Call a 
ring that has all regular elements invertible a quoring. For noncommutative R, if 
R is Dedekind finite, then R is a quoring, but not conversely (viz. von Neumann 
regular rings; see [S]). Clearly, a commutative ring R is always Dedekind cofinite. 
For noncommutative R, this may or may not be the case. 
Example 1. Let V be a vector space of countably infinite dimension over a field k 
and let R be its endomorphism ring. The endomorphism T induced by the matrix 
has as left inverse the endomorphism S induced by 
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0 1 0 0 ... 
B= i 0 0 1 
0 ... 
0 0 0 1 I ’ . . . . . . . . . . . . . . . . . . 
However, T is not right regular, and hence not a unit, since UT = 0 if U is the 
endomorphism induced by the matrix 
Thus. R is not Dedekind cofinite 
Example 2. Let R be a noncommutative ring with no nonzero nilpotents. Then R 
is a O-commutative ring (i.e., xy = 0 implies yx = 0). For if xy = 0, then (yx)’ = 
yxyx = y(xy)x = 0, whence yx is nilpotent and hence yx = 0. 
Since R is O-commutative, every left invertible element of R must be a unit. To 
see this, let y be a left inverse for x in R. Then yx = 1 implies that yxy = y and 
hence that yxy - y = 0. Therefore, y(xy - 1) = 0 and so (xy - 1)y = 0 since R is 
O-commutative. Multiply both sides on the right by x to get xy - 1 = 0, whence x 
is a unit. Thus, R is Dedekind cofinite. 
Finally, observe that in a O-commutative ring, zero divisors are two-sided as are 
units. Thus, a O-commutative ring R is Dedekind finite if and only if it is a 
quoring. 
Theorem 1.2. Let M be a Dedekindfinite object in R-MOD that decomposes as a 
direct sum (resp. product) of a family { M, } , E, of nontrivial R-modules. Then each 
M, is Dedekind finite. 
Proof. If M, is not Dedekind finite, let f, : M,-+ M, be an injective R-module 
homomorphism that is not an isomorphism, and let h = l,U for i # j. Then @ f. 
(resp. n h.) provides an injective R-module endomorphism of @M, (resp. n M;) 
that is not an isomorphism, contradicting the fact that A is Dedekind finite. 0 
The corresponding result for cofinite objects is proved similarly. Both results 
are valid in MOD-R as well. The next theorem gives a partial converse to the 
previous result. 
Theorem 1.3. Let {M,},,, be a family of nontrivial R-modules and suppose that 
Hom(M,, M,) = Hom(M,, M,) = (0) whenever i #j. Zf each M, is Dedekind fin- 
ite, then so are @ M, and fl M,. Th e result is valid with finite replaced by cofinite. 
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Proof. Let M = @ M,. If f is an R-module endomorphism of M, then the 
hypotheses guarantee that f ‘diagonalizes’ as @ f;, where f, is the R-module 
endomorphism obtained by restricting f to M,. If f is injective, then so is each J;. 
Since each M, is Dedekind finite, each f, is an isomorphism. But then f is an 
isomorphism and so M is Dedekind finite. The direct product and cofinite cases 
are similar. Cl 
Example 3. Let p,, p2, pj,. . . be the sequence of positive primes. For i E IV, the 
set of natural numbers, let M, = Z( p,), the cyclic group of order p,. By Theorem 
1.3, both @ Mi and n M, are Dedekind finite in Z-MOD, the category of abelian 
groups. Thus, Dedekind finite objects need not be finitely generated. Further- 
more, finitely generated modules need not be Dedekind finite. Consider Z as an 
abelian group and let f : Z+ Z be multiplication by 2. 
Theorem 1.4. Let M be Dedekind finite in R-MOD. If M decomposes as a direct 
sum (resp. product) of a family of nontrivial R-modules {M,},=,, then there are 
only finitely many summands (resp. factors) isomorphic to a given R-module N. 
The theorem is valid with Dedekind finite replaced by Dedekind cofinite. 
Proof. Otherwise, construct a suitable ‘shift operator’. 0 
Let M be a left R-module and f E End,(M). There are two naturally defined 
sequences of submodules of M, 
M > f(M) > f:(M) 2. . .2 f”(M) 2 . . . 
and 
(0) C_ f-‘(O) G f-l(O) c.. c f -‘l(M) c.. . 
where f2 = f of, f” = fof”-’ (n 2 3) and f -” = (f -‘)“, f -’ being used to denote 
preimage. The following results are implicit in [4]. 
Theorem 1.5. Let M be an R-module and f E End,(M). 
(I) Zff j f’ IS m ec tve, then f is a surjection if and only if {f ‘I(M)} stabilizes. 
(2) If f is surjective, then f is an injection if and only if {f -‘l(M)} stabilizes. 
Proof. Necessity is obvious in each case. To prove sufficiency, use an argument 
similar to that in 14, Proposition 8, p. 231. 0 
Corollary 1.6. (1) If M satisfies the dcc, then M is Dedekind finite. 
(2) If M satisfies the act, then M is Dedekind cofinite. 0 
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By virtue of the corollary, any finitely generated module over an Artinian 
(resp. Noetherian) ring R is Dedekind finite (resp. cofinite). Furthermore, any 
R-module of finite length is both Dedekind finite and Dedekind cofinite. 
2. Torsion-free modules 
Henceforth, we assume that R is a commutative ring. Let M be an R-module 
and a E R. Define a function f : M + M by f(x) = ax. We say M is torsion-free if f 
is an injection for every regular a E R and that M is divisible if f is surjective for 
every regular a E R. 
Theorem 2.1. Let M be a torsion-free R-module. If M is Dedekind finite, then M is 
divisible. 
Proof. Let a E R be regular and define f : M+ M by f(x) = ax. Since M is 
torsion-free, f is injective. Since M is Dedekind finite, f must be an isomorphism. 
Thus, f(M) = aM = M and M is divisible. 0 
Theorem 2.2. Let M be a divisible R-module. If M is Dedekind cofinite, then M is 
torsion-free. 
Proof. M divisible implies aM = M for every regular a E R. Thus, multiplication 
by a is a surjective R-module endomorphism of M. Since M is cofinite, this 
endomorphism is in fact an isomorphism. Thus, if x E M and ax = 0, then x = 0 
and so M is torsion-free. 0 
The next result lists some elementary but useful equivalences. 
Theorem 2.3. The following statements about R are equivalent: 
(1) R is Dedekind finite 
(2) every injective R-module endomorphism of R is an isomorphism; 
(3) every regular element of R is a unit; 
(4) R is a quoring; 
(5) R is not R-module isomorphic to any of its proper principal ideals; 
(6) R is a divisible R-module; 
(7) R satisfies the dcc on principal ideals of the form (a”) where a E R is 
regular; 
(8) every R-module is torsion-free and divisible. 
Proof. (l)-(2) Definition of Dedekind finite. 
(2) e (3) Theorem 1 of [5]. 
(3) e (4) Definition of quoring. 
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(4) e (5) R z aR if and only if a is regular. R is a quoring if and only if every 
regular element of R is a unit if and only if aR = R for every regular a. 
(3)@(6) R ’ d is ivisible if and only if UR = R for every regular a if and only if 
every regular element of R is a unit. 
(3)e(7) (3) Ob VIOUS. (C) Let a E R be regular and define f : R-+ R by 
f(x) = ax. Then {f”(R)} = {(a”)}. But this sequence of ideals stabilizes and f is 
surjective by Theorem 1.5. 
(3)~ (8) Let R be a quoring, M an R-module, a E R regular, and suppose 
ax = 0 for some x E M. Since a is also a unit, it follow that x = 0 and M is 
torsion-free. Furthermore, if x E M, then x = u(u-‘x) whence UM = M for regular 
a. Thus, M is divisible. Conversely, if every R-module is torsion-free and 
divisible, then R itself is divisible and so R is a quoring. 0 
If R is a domain and M is a torsion-free divisible R-module, then M is a vector 
space over Q, the field of fractions of R, and so M is a direct sum of copies of Q. 
If M is to be Dedekind finite, the number of summands must be finite, whence 
M ^I Q” for some positive integer ~1. 
Theorem 2.4. Let R be an integral domain with field of quotients Q. A torsion-free 
module M is Dedekind finite if and only if M is a finite-dimensional vector space 
over Q. 
Proof. We need only show sufficiency. Let f : Q”- Q” be an R-module homo- 
morphism. Then f is a matrix of R-linear maps f,, : Q- Q. But each f, is 
multiplication by an element of Q and so f is a matrix of elements of Q and so is a 
Q-module homomorphism. Standard vector space theory now applies to show 
that if f is injective, then it is an isomorphism. Thus, Q” is Dedekind finite. 0 
We know R” is a torsion-free R-module. However, R” cannot be Dedekind 
finite unless R is by Theorem 1.2. The following theorem generalizes a classical 
result on vector spaces and defines the class of commutative rings for which it 
holds. 
Theorem 2.5. R” is Dedekind finite if and only if R is a quoring and n is finite. 
Proof. R” is torsion-free, so if R” is Dedekind finite, then R”, and hence R, must 
be divisible by Theorem 2.1. Therefore, R is a quoring by Theorem 2.3. Clearly, 
n must be finite. 
Conversely, let f : RI’--+ R” be an injective R-module homomorphism. Then 
d = det f is not a zero divisor in R [l, 111.8.2]. Since R is a quoring, d is a unit and 
f is an isomorphism. Therefore, R” is Dedekind finite. 0 
Using a similar argument, one can show that R” is Dedekind cofinite if and only 
if n is finite. 
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Corollary 2.6. Let R be a quoring and R” a free R-module of finite rank. Then: 
(1) any linearly independent set of n elements of R” is a basis for R”; 
(2) any spanning set of n elements of R” is a basis for R”. 
Proof. (1) Let u,, II,, . , u,, be linearly independent elements of R”. L.et A be 
the n x n matrix whose ith column is u,. Then T, : RI’* R” defined by T,(x) = 
Ax is an injective R-module homomorphism, whence det A is regular in R and so 
a unit. Thus, T, is an isomorphism and so surjective. Therefore, the u, span R” 
and are a basis. The proof of (2) is similar. 0 
3. Abelian groups 
Since the ring of integers Z has noninvertible regular elements, Z is not 
Dedekind finite as an abelian group. It is then an easy consequence of the 
Fundamental Theorem of Abelian Groups that a finitely generated abelian group 
G is Dedekind finite if and only if it is torsion. The general torsion group is 
Dedekind finite if and only if each of its p-primary components is by Theorem 
1.3. From Theorem 2.4, we know that the only torsion-free groups that are 
Dedekind finite are the groups Q”, where n is a positive integer and Q is the 
rational numbers. 
Any abelian group is an extension of a torsion group by a torsion-free group. 
The following theorem tells us what to expect along these lines from Dedekind 
finite objects. Let t(G) denote the torsion subgroup of G. 
Theorem 3.1. Let G be an abelian group. ff both t(G) and G/t(G) are Dedekind 
finite, then so is G. 
Proof. Let f : G+ G be an injective group homomorphism. The restriction fr off 
to t(G) is also an injection. But, f(t(G)) C t(G), so f, is an injective endomor- 
phism of t(G). Since t(G) is Dedekind finite, f, is an isomorphism. Thus, f induces 
a homomorphism f” : G/t(G) -+ G/t(G) by f”(x + t(G)) = f(x) + r(G) and f* is 
also an injection. Hence, the Dedekind finiteness of G/t(G) implies that f’” is an 
isomorphism. The 5-lemma now shows that f is an isomorphism. 0 
Remark. The theorem shows that the class of Dedekind finite groups is closed 
under torsion by torsion-free extensions. The theorem remains valid if t(G) is 
replaced by any fully invariant subgroup H of G. If H is also a summand, as it is 
in the case that H is the subgroup of G generated by all its divisible subgroups, 
then the converse of the theorem is also true. 
Example 4. The converse of Theorem 3.1 is not true in general. Let G = n Z( p,) 
and H = @ Z( p,) as defined in Example 3. Both groups are Dedekind finite and 
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H = t(G). However, G/H is divisible, and uncountable, and so is the direct sum 
of uncountably many copies of CI!. By Theorem 1.4, G/H is not Dedekind finite. 
This cxamplc also shows that the class of Dedekind finite objects in a category 
need not be closed under yuoticnts. This example was suggested by E. Enochs. 
Every abclian group G is a split extension of a divisible group by a reduced 
group. i.c., G g dG $ G’, where dG is the subgroup of G generated by all its 
divisible subgroups, and G’ has no divisible subgroups. By the remark above, we 
know that G is Dedckind finite if and only if both dG and G’ are. It is possible to 
characterize the divisible abelian groups that are Dedekind finite. If G is divisible, 
then t(G) is a summand. so G I- r(G) @ F, where F is torsion-free divisible. Since 
f(G) is fully invariant, G is Dedekind finite if and only if both t(G) and F are. We 
have already seen that Fz Q” for some positive integer n. Now t(G) z 
@,, (@,,,CO. ;h I m ere > ranges over the primes and Y,’ is a cardinal number. 
G,,, the p-component of f(G), is precisely @,,,Z( II-‘) and so f(G) is Dedekind 
finite if and only if eI,,Z( pX) is for each prime p. 
Theorem 3.2. G = @,, Z( p’) is Dedekind jinite if and only if r,’ is jinite for each 
prime p. 
Proof. Necessity follows from Theorem 1.4. To show sufficiency, let G[p] = 
{xEG: px=O} and f : G+ G be an injective homomorphism. Then G --f’(G) 
and so G[p]~~(G)[~ ] > as vector spaces over Z,, [7, Lemma 9.131. But G[ p] G 
Z( [I)‘/,, and so Z( /I)“’ g j’( G)[ p] C G[ p] = Z( p)‘~‘. Thus, f(G)[ p] is isomorphic to 
an r,,-dimensional subspace of Z(p)“’ and so equal Z(p)!‘. Therefore, f(G) = 
Z( p’ )‘J’ since f(G) is a divisible group containing Z( 17)‘~’ and Z( pX)“lJ is the 
divisible hull of Z( l>)‘f’. 0 
The following theorem is now evident. 
Theorem 3.3. L,et G he a divisible uhelian group. Then G is Dedekind finite if and 
only if 
where n and the n, me nonnegative integers and p,, p2, . . is the sequence of 
positive primes. 0 
Classifying the Dedekind finite reduced groups is another matter. Suffice it to 
say that if Ci is Dedekind finite and G E dG @ G’, then G’ cannot be torsion-free. 
If mixed. G’ cannot cplit, i.e., t(G’) cannot be a summand of G’. but G’ must be 
dccompns~\ble. Sl1oultl G’ turn out to be a direct sum of cyclics. Theorem 1.4 
assures us that the number of copies of Z( p”) must be finite for any prime p and 
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positive integer k. Moreover, for any prime p the total number of p-primary 
summands must be finite (‘shift operators’ again). 
4. Noetherian rings and Dedekind domains 
Throughout this section, R will be a commutative, Noetherian ring. 
Theorem 4.1. Suppose R has zero nilradical. Then R is Dedekindjinite if and only 
if R is Artinian. 
Proof. If R is Dedekind finite. then R is a quoring. By [3, Example 14, p. 631, R 
has Krull dimension 0. Therefore, R is Artinian. The converse is obvious. 0 
Theorem 4.2. Let M be a cyclic R-module with generator x and let I be the 
annihilator of x. lf I is a radical ideal, then M is Dedekind finite if and only if M 
has finite length. 
Proof. Sufficiency is clear. For necessity, let M be Dedekind finite and let 
f : M -+ M be an R-module homomorphism. Since M is cyclic, f is multiplication 
by some r E R. Clearly, f is nonzero if and only if r@Z. If f is nonzero, then f is 
injective if and only if r(sx) = 0 implies sx = 0. Equivalently, f is injective if and 
only if rs E I and r g I imply s E I, i.e., if and only if 7 = r + I is a regular element 
of R/l. Furthermore, f is subjective if and only if r(x) = x for some s$?I. But 
r(sx) = x implies (rs - 1)x = 0, whence rs - 1 E 1. Thus, f is surjective if and only 
if ? is a unit in R/Z. Therefore, M Dedekind finite implies R/f is a quoring and as 
such is Dedekind finite in (R/I)-MOD. But I is a radical ideal so R/f has zero 
nilradical and so RI1 is Artinian. Therefore, M satisfies the dcc and so has finite 
length. 0 
Observe that if M is a finitely generated R-module with generators {b,}, each 
of which has a radical annihilator, then M will be Dedekind finite if each cyclic 
submodule M, = Rb, is (each M, has finite length whence so does their sum [ 1, 
11.1.10. Corollary 61). If the annihilators of the b, are also pairwise comaximal, 
then the M, satisfy the conditions of Theorem 1.3 and so M is Dedekind finite if 
and only if M is of finite length. 
If R is a Dedekind domain, then we may dispense with the hypothesis that the 
amrihilators be radical ideals, since it is well known that I a nonzero ideal implies 
that R/l is Artinian in this case. It is now an easy matter to verify that a finitely 
generated module M over a Dedekind domain R is Dedekind finite if and only if 
it is a torsion module (recall that the torsion submodule of A4 is a direct 
summand). For R a Dedekind domain, we also have the following analogue of 
Theorem 3.3. 
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Theorem 4.3. Let R be a Dedekind domain and M a divisible (= injective) 
R-module. Then M is Dedekind finite in R-MOD if and only if 
where n and the n,, are nonnegative integers, Il is a representative set of primes of 
R, and K is the field of fractions of R. 
Proof. K = E(RI(0)) and E(R/P) are indecomposable injectives and so are 
Dedekind finite by [6, Proposition 2.61. If f : &R/P)* E(R/Q) is a nonzero 
homomorphism, then Im( f) IS a divisible submodule of E(R/Q) and so a 
summand. Since E(R/Q) is indecomposable, Im( f) = E(R/Q) and so P = Q. 
Thus, Hom(E(R/P), E(R/Q)) = (0) if PZ Q (again see [6]). Hence, the torsion 
submodule of M is Dedekind finite if and only if the np are finite and each 
E(R/P)“” is Dedekind finite. That E(R/P)“” is Dedekind finite is established by 
using [6, Theorem 3.41 and the argument of Theorem 3.2. Clearly, K” is 
Dedekind finite if and only if n is finite. 0 
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